We study the exclusive leptonic and semileptonic B decays B → ℓ −ν ℓ and B → D ( * ) ℓ −ν ℓ in the framework of the covariant quark model with built-in infrared confinement. We compute the relevant form factors in the full kinematical momentum transfer region. The calculated form factors are used to evaluate branching fractions and polarization observables of the above transitions. We compare our results with experimental data and results from other theoretical studies.
I. INTRODUCTION
The decays B → ℓ −ν and B → D ( * ) ℓ −ν (ℓ = e, µ, τ ) play a prominent role in testing the Standard Model (SM) and looking for hints of New Physics (NP) in charged-current interactions. In the SM scenario a measurement of these decays provides a direct route to determine values of the B meson decay constant f B and the semileptonic form factors. They also help to determine the Cabibbo-Kobayashi-Maskawa (CKM) matrix elements |V ub | and |V cb | to a better precision. A puzzling feature of these decays is that there have been some recent hints that lepton universality is broken in the tauonic modes of these decays.
The leptonic and semileptonic modes are difficult to measure experimentally due to the presence of a neutrino in the final state. Ideal in this regard are B-factories where a B meson pair is generated from the process e −2.5 (stat) ± 1.1(syst))] × 10 −5 with a significance of 3.0σ [3] . This result reduced the tension between theory and experiment and decreased the world average of the measured branching fraction to the recent value of B(B − → τ −ν τ ) = (11.4 ± 2.2) × 10 −5 [4] , which is slightly larger than the SM expectation (8.1 ± 0.7) × 10 −5 obtained from a global fit to CKM matrix elements [4] . Note that the most recent result of B(B − → τ 
where ℓ = µ, e. The ratio is measured to be (0.73 ± 0.15) [6] , which exceeds the SM prediction of R τ π = 0.31 ± 0.06 [6] by more than a factor of 2, while the measured value of B(B 0 → π + ℓ −ν ℓ ) = (14.6 ± 0.7) × 10 −5 [7] [8] [9] is consistent with the SM expectation.
The semileptonic decays B → D ( * ) ℓν have a much richer structure than the leptonic decays. There is a large number of observables in these decays, e.g., the forward-backward asymmetry of the charged lepton. Recently there has been much interest in the ratios of branching fractions
In taking these ratios some of the uncertainties in the form factors are reduced. Furthermore, the dependence on the poorly known CKM matrix element |V cb | drops out in the ratio.
Recently, three groups have reported measurements of these ratios R(D)| BABAR = 0.440 ± 0.072 R(D * )| BABAR = 0.332 ± 0.030 [10] R(D)| BELLE = 0.375 ± 0.069 R(D * )| BELLE = 0.293 ± 0.041 [11] R(D * )| LHCb = 0.336 ± 0.040 [1] where the statistical and systematic uncertainties have been combined in quadrature. These measurements were combined in [12] R(D)| expt = 0.388 ± 0.047, R(D * )| expt = 0.321 ± 0.021,
and compared with the SM expectations given in [10, [13] [14] [15] R(D)| SM = 0.297 ± 0.017, R(D * )| SM = 0.252 ± 0.003.
It is seen that there is a discrepancy of 1.8 σ for R(D) and 3.3 σ for R(D * ).
The deviation of leptonic and semileptonic tauonic B meson decays from SM expectations has been the motivation of many theoretical studies in search for NP effects, including the two-Higgs-doublet models (2HDMs) [16] [17] [18] [19] , the minimal supersymmetric standard model (MSSM) [20] , and leptoquark models [21, 22] . In many studies, a general effective Lagrangian for the b → uℓν and the b → cℓν transitions in the presence of NP is imposed to investigate various NP operators and their coupling, together with their correlations [14, [23] [24] [25] .
In this paper we focus on these decays within the SM framework using results from our covariant constituent quark model for the dynamics of the transitions. Most of the theoretical studies on the semileptonic decays have been relying on elements of the Heavy Quark Effective Theory (HQET) [26, 27] , based on a systematic 1/m Q -expansion of the QCD Lagrangian. The leading order of the HQET-expansion corresponds to the Heavy Quark Symmetry when the heavy quark mass tends to infinity, simplifying the structure of the weak current transitions. The form factors of these transitions are then expressed through only a few universal functions. Unfortunately, HQET can give predictions only for the normalization of the form factors at zero recoil. As one moves away from the zerorecoil point one has to take recourse to full nonperturbative calculations. In this paper, we present a description of these decays that does not rely on HQET. We employ the covariant constituent quark model (CQM) with built-in infrared confinement which has been developed in several previous papers by our group (see [28, 29] and references therein). In the CQM approach, the entire physical range of momentum transfer is accessible. This is one of those features that make the CQM different from other model approaches for the calculation of hadronic quantities. We mention that a similar study was done by authors of [30] [31] [32] in the framework of a relativistic quark model based on the quasipotential approach, in which the full range of momentum transfer is also achievable. Our aim is to give an independent calculation of these decays including the q 2 behavior of the transition form factors, the leptonic decay constants of the B and D mesons, the forward-backward asymmetry of the lepton and other polarization observables as well as ratios of branching fractions.
II. MODEL
The CQM is based on an effective Lagrangian describing the coupling of a hadron H to its constituent quarks, the coupling strength of which is determined by the compositeness condition Z H = 0 [33, 34] , where Z H is the wave function renormalization constant of the hadron H. Here Z
1/2
H is the matrix element between a physical particle state and the corresponding bare state. For Z H = 0 it then follows that the physical state does not contain the bare one and is therefore described as a bound state. This does not mean that we can solve the QCD bound state equations but we are able to show that the compositeness condition provides an effective and self-consistent way to describe the coupling of a particle to its constituents.
One starts with an effective Lagrangian written down in terms of quark and hadron variables [35, 36] . Then, by using Feynman rules, the S-matrix elements describing hadronic interactions are derived from a set of quark diagrams. In particular, the compositeness condition enables one to avoid a double counting of hadronic degrees of freedom. This approach is self-consistent and all calculations of physical observables are straightforward.
There is a small set of model parameters: the constituent quark masses, the scale parameters that define the size of the constituent quarks distribution inside a given hadron, and the infrared cutoff parameter λ.
The coupling of a meson M to its constituent quarks q 1 andq 2 is given by the Lagrangian
where g M denotes the coupling strength of the meson with its constituent quarks. The interpolating quark current in (5) is taken to be
where the Dirac matrix Γ M projects onto the relevant meson state, i.e., Γ M = I for a scalar meson, Γ M = γ 5 for a pseudo-scalar meson, and Γ M = γ µ for a vector meson. The vertex function F M is related to the scalar part of the Bethe-Salpeter amplitude and characterizes the finite size of the meson. We adopt the following form for the vertex function
where
, which is a necessary condition to provide the Lorentz invariance of the Lagrangian (5).
In order to simplify the calculations we adopt a Gaussian form for the vertex function as follows:
where the parameter Λ M characterizes the meson size. Calculations of Feynman diagrams proceed in the Euclidean region where p 2 = −p 2 E , in which the vertex function has the appropriate falloff behavior to provide for the ultraviolet convergence of the loop integral.
In the evaluation of the quark-loop diagrams we use the free local fermion propagator of the constituent quark
with an effective constituent quark mass m q . For the evaluation of the compositeness condition, we consider the meson mass function defined by the diagram in Fig. 1 . One has
where N c = 3 is the number of colors. Since the vector meson is on its mass-shell one has ǫ V · p = 0 and one needs only the part of the vector meson function proportional to g µν . It is given by
The coupling constant g M in Eq. (5) is determined by the compositeness condition which is written in the form
is the derivative of the mass operator taken on the mass-shell
It is convenient to calculate the derivatives of the meson mass functions by using the following identities d dp 2 
Accordingly the derivatives of the meson mass functions can be written as
The loop integrations in Eqs. (15) and (16) are done with the help of the Fock-Schwinger representation of quark propagators
As will be described later, the use of the Fock-Schwinger representation allows one to do tensor loop integrals in a very efficient way since one can convert loop momenta into derivatives of the exponent function (see, e.g., [37] [38] [39] ).
As mentioned above, all loop integrations are carried out in Euclidean space. The transition from Minkowski space to Euclidean space is performed by using the Wick rotation 
and the integral over α is absolutely convergent. We will keep the Minkowski notation to avoid excessive relabeling. We simply imply that k 2 ≤ 0 and p 2 ≤ 0.
Collecting the representations of the vertex functions and quark propagators given by Eqs. (8) and (17), respectively, one can perform the Gaussian integration in the derivatives of the mass functions in Eqs. (10) and (11) . The exponent has the form ak 2 + 2kr + z 0 , where r = b p. Using the following properties (k is the loop momentum)
one can replace k by ∂ r = γ µ ∂ ∂rµ which allows one to exchange the tensor integrations for a differentiation of the Gaussian exponent. For example, Eq. (10) now has the form
The r-dependent Gaussian exponent e −r 2 /a can be moved to the left through the differential operator ∂ r by using the following properties
Finally, one has to move the derivatives to the right by using the commutation relation
The last step has been done by using a form code which works for any numbers of loops and propagators. In the remaining integrals over the Fock-Schwinger parameters 0 ≤ α i < ∞ we introduce an additional integration which converts the set of Fock-Schwinger parameters into a simplex. Using the transformation
one finds
The function f M (t, α) arises from the trace evaluation. Further, we have introduced the
It is readily seen that the integral over t in Eq. (24) is well defined and convergent if
The convergence of the integral in the case of negative values of z 0 ≤ 0, i.e. above threshold
2 , is guaranteed by the addition of a small imaginary to the quark mass, i.e. m q → m q − iǫ, ǫ > 0 in the quark propagator Eq. (9) . It allows one to rotate the integration variable t to the imaginary axis t → it. As a result the integral Eq. (24) becomes convergent but obtains an imaginary part corresponding to quark pair production.
However, by cutting the scale integration at the upper limit corresponding to the introduction of an infrared cutoff
one can remove all possible thresholds present in the initial quark diagram [28] . Thus the infrared cutoff parameter λ effectively guarantees the confinement of quarks within hadrons.
This method is quite general and can be used for diagrams with an arbitrary number of loops and propagators. In the CQM the infrared cutoff parameter λ is taken to be universal for all physical processes.
III. LEPTONIC B-MESON DECAYS
The model parameters are determined by fitting calculated quantities of basic processes to available experimental data or lattice simulations (for details, see Ref. [28] , where a different set of weak and electromagnetic decays has been used). In this paper we will use the updated least-squares fit performed in Refs. [40] [41] [42] . In this fit we have also updated 
Our prime goal is to study the pure leptonic B meson decays as well as the semileptonic
The most recent results of the fit for those parameters involved in this paper are taken from our papers [40] [41] [42] (all in GeV): .
The matrix elements of the leptonic decays are described by the Feynman diagram shown 
where N c = 3 is the number of colors, and Table I . For comparison, we also list the values of these constants obtained from experiments, Lattice and QCD sum rules. Our results show good agreement (within 10%) with results of the other studies. We mention that early attempts to account for flavor symmetry breaking in pseudoscalar meson decay constants were done in [43, 44] . f Bs 238.7 242.0(9.5) LAT [46] 259(32) HPQCD LAT [47] 193 (7) LAT [48] In the SM, the purely leptonic decays B − → ℓ −ν ℓ proceed via the annihilation of the quark-pair into an off-shell W boson. The branching fraction for the leptonic decays is given by 
IV. FORM FACTORS OF SEMILEPTONIC B-MESON DECAYS
The invariant matrix element of the semileptonic decays B → D ( * ) ℓ −ν ℓ can be written as
where the matrix elements of the semileptonic B → D ( * ) transitions in the covariant quark model are defined by the diagram in Fig. 3 and are written as
Here, . Altogether there are three flavors of quarks involved in these processes. We therefore introduce a notation with two subscripts w ij = m q j /(m q i + m q j ) (i, j = 1, 2, 3) such that w ij + w ji = 1. In our case one has q 1 = b, q 2 = c, and q 3 = d.
Our numerical results for the form factors are well represented by a double-pole parametrization
The double-pole approximation is quite accurate. The error relative to the exact results is less than 1% over the entire q 2 range. For the B → D ( * ) transition the parameters of the dipole approximation are given by 
Since b/a is quite small for the form factors F + , F − , A + , A − , and V , these form factors show a monopole-like falloff behavior whereas A 0 has a substantial (q 2 ) −2 contribution. In As recently noticed in [55] , the ratio F 0 (q 2 )/F + (q 2 ) exhibits a linear q 2 behavior
where the slope α = 0.020(1) GeV −2 was determined precisely based on lattice values of the two form factors. We also plot the q 2 dependence of the ratio
shows a linear behavior as mentioned. Our value for the slope is α = 0.019 GeV −2 which very well agrees with the lattice result. 
V. HEAVY QUARK LIMIT
It is instructive to explore the heavy quark limit (HQL) in the heavy-to-heavy transition 
where p i and v i = p i /m i (i = 1, 2) are the momenta and the four-velocities of the initial and final states. Moreover, we have to keep the size parameters of heavy hadrons equal to each other in order to provide the correct normalization of the Isgur-Wise function at zero recoil.
By using technique developed in our previous papers, see, for instance, [56, 57] , one can arrive at the following expressions for the semileptonic heavy-to-heavy transitions defined by Eqs. (31) and (32)
Here, w = v 1 v 2 , and the Isgur-Wise function is equal to
where W = 1 + 2τ (1 − τ )(w − 1), z = u − 2E u/W , and
By using the definition of the form factors given by Eqs. (31) and (32) one can easily obtain the expressions of the form factors in the HQL. One finds
where w = (m One can also consider the near zero-recoil behavior of the form factors in a similar way as we did in our paper on the semileptonic decay Λ b → Λ c + τν τ [40] . The standard parametrization of the (w − 1) expansion takes the form
where ρ 2 is called the slope parameter and c the convexity parameter. The numerical results are given below 
The zero-recoil values of our model form factors can be seen to be quite close to the corresponding HQET values except for the form factor A + where our form factor value exceeds the HQET result by ∼ 13 %.
VI. HELICITY AMPLITUDES AND TWO-FOLD DISTRIBUTIONS
Let us first consider the polar angle differential decay distribution in the momentum transfer squared q 2 . The polar angle is defined by the angle between q = p 1 − p 2 and the three-momentum of the charged lepton k 1 in the (ℓ −ν ℓ ) rest frame as shown in Fig. 6 . One has
where As discussed in some detail in [40] the covariant contraction H µν L µν can be converted to a sum of bilinear products of hadronic and leptonic helicity amplitudes using the completeness relation for the polarization four-vectors of the process. A synopsis of the necessary steps in this transformation is provided in the Appendix.
One needs to relate the mesonic helicity amplitudes to the invariant form factors defined in Eqs. (31) and (32) . To do so one requires explicit representations of the polarization four-vectors ǫ µ (λ W ). They read 
The linear relations between the two sets of form factors can then be calculated in the following way.
The helicity amplitudes are defined by
One obtains
Note the zero-recoil relation H 0 = 0. At the other end of the spectrum at maximal recoil q 2 = 0 one has H t = H 0 . In the Appendix we describe how to obtain the differential (q 2 , cos θ) distribution. One has
where we have introduced the helicity flip penalty factor δ ℓ = m 2 ℓ /2q 2 and the helicity
In addition to the W off−shell polarization four-vectors ǫ µ (λ W ) one needs the polarization four-vectors ǫ
Note the zero-recoil relations H t0 = 0 and H ±1±1 = H 00 . At maximal recoil q 2 = 0 the dominating helicity amplitudes are H t0 and H 00 with H t0 = H 00 .
The differential (q 2 , cos θ) distribution finally reads (see the Appendix)
Br(D * → Dπ)
We have used the zero width approximation for the D * intermediate state which brings in the branching fraction Br(D * → Dπ). The relevant bilinear combinations of the helicity amplitudes are defined in Table III . We have dropped a factor of "3" in the definition of H S and H IS compared to our paper [58] . Note that the helicity structure functions satisfy the
Similar relations hold for the imaginary parts. At maximal recoil one has H L = H S = H SL for the dominating helicity structure functions.
Let us begin discussing the cos θ distribution for the B → D * ℓ −ν ℓ case. The distribution (46) is described by a tilted parabola whose normalized form reads 
The linear coefficient b/2(a + c/3) can be projected out by defining a forward-backward asymmetry given by [65]
In the τ mode there are two sources of the parity-odd forward-backward asymmetry, namely, a purely parity-violating source from the VA interaction leading to the H P contribution, and a parity-conserving source from the VV and AA interactions leading to the H SL contribution. The parity-conserving parity-odd contribution H SL arises from the interference of the (0 + ; 1 − ) and (0 − ; 1 + ) components of the V V and AA product of currents, respectively. In the case of the B → D transition the forward-backward asymmetry arises solely from the (0 + ; 1 − ) interference term of the V V product of currents.
The coefficient c/2(a + c/3) of the quadratic contribution is obtained by taken the second derivative of W (θ). Accordingly we define a convexity parameter by writing
When calculating the q 2 averages of the forward-backward asymmetry and the convexity parameter one has to multiply the numerator and denominator of (51) and (52) by the q 2 -dependent piece of the phase space factor in (46) given by C(q 2 ) = |p 2 |q 2 v 2 . For example, the mean forward-backward asymmetry can then be calculated according to
Finally, integrating Eq. (46) over cos θ one obtains
The discussion of the cos θ distribution for the B → Dℓ −ν ℓ case proceeds in a similar way except that one has to drop the contributions of the helicity structure functions H U and H P .
VII. FOUR-FOLD ANGULAR DECAY DISTRIBUTION
The lepton-hadron correlation function L µν H µν reveals even more structures when one uses the cascade decayB 
In our quark model all helicity amplitudes are real, which implies the vanishing of all terms proportional to sin χ and sin 2χ. The angular decay distribution for the remaining terms agrees with the results of [59] [60] [61] when one takes into account the different definition of the polar angle θ used in [59] [60] [61] such that θ → 180
The four-fold distribution allows one to define a number of physical observables which can be measured experimentally. Integrating Eq. (56) over cos θ * and χ one recovers the twofold (q 2 , cos θ) distribution of Eq. (46) that gives rise to the lepton side forward-backward asymmetry parameter A F B and the convexity parameter C ℓ F (q 2 ). Integrating Eq. (56) over cos θ and χ one obtains the hadron side cos θ * distribution described by a untilted parabola (without a linear term). The normalized form of the cos θ
, which can again be characterized by its convexity parameter given by
We define a normalized angular decay distribution W (θ * , θ, χ) through
The normalized angular decay distribution W (θ * , θ, χ) obviously integrates to 1 after cos θ * , cos θ, and χ/2π integration.
The remaining coefficient functions H
Eq. (56) can be projected from the three-fold angular decay distribution Eq. (56) by taking the appropriate trigonometric moments of the normalized decay distribution W (θ * , θ, χ).
The trigonometric moments are defined by
where M i (θ * , θ, χ) defines the trigonometric moment that is being taken. One finds
The coefficient functions
, and (H A − 2δ ℓ H ST ) can also be projected out by taking piecewise sums and differences of different sectors of the angular phase space [60] .
Finally, we consider the longitudinal and transverse polarizations of the lepton where we consider only the angular average of the two polarization states. For the longitudinal polarization one obtains
The transverse polarization can be calculated using the representation of the polarized lepton tensor written down in the Appendix of [40] . One obtains
For the decay B → Dℓ −ν ℓ one has to drop the transverse contributions H U and H P in Eqs (61) and (62) . It is interesting to note that for this decay there exists a very simple relation connecting P ℓ x (q 2 ) and A F B (q 2 ) which reads
The polarization of the lepton depends on the frame in which it is defined. The polarization components P ℓ z and P ℓ x in (61) and (62) are calculated in the (ℓ −ν τ ) rest frame. The corresponding polarization components in the B rest frame have been calculated in [62] .
VIII. RESULTS AND DISCUSSION
The values of the lepton and meson masses and their lifetimes are taken from Ref. [45] .
We also adopt the following values for the CKM matrix elements |V ub | = 0.00413 and |V bc | = 0.0411. In Fig. 7 Next we define the partial helicity rates by
where X = U, L, P, . . . In Figs. 9 and 11 we display the q 2 dependence of the partial differential rates dΓ U /dq 2 , dΓ L /dq 2 , and the total differential rate dΓ U +L /dq 2 for the e mode. The transverse rate dominates in the low recoil region while the longitudinal rate dominates in Lepton mass effects can be seen to be quite large for all three moments.
Finally, in Figs. 25 and 26 we present the q 2 dependence of the rate ratios (ℓ = e, µ)
Hopefully there will be enough data in the future to explore the apparent flavor violation in the tauonic semileptonic B → D ( * ) transitions in more detail by measuring the rate ratios in different q 2 bins.
Next we present our model results for the average values of the polarization observables:
the forward-backward asymmetry < A F B >, the convexity parameter < C F >, the leptonic < P ℓ x,z > polarization components, and the three trigonometric moments < W i (i = T, I, A). Lepton mass effects can be seen to be quite large for the average values of the polarization observables. flip results for the e mode because they are of the order of 10 −6 − 10 −7 in the above units. 
IX. SUMMARY AND CONCLUSIONS
We have provided a detailed analysis of the pure leptonic and semileptonic decays B → ℓ −ν ℓ and B → D ( * ) ℓ −ν ℓ (ℓ = e, µ, τ ) within the SM in the framework of our covariant quark model with built-in quark confinement. We have described in some detail how to compute the one-loop quark contributions needed for the calculation of the transition form factors including a discussion of how the confinement of the constituent quarks is achieved in the covariant quark model. In the light of the recent experimental indications for a possible breaking of lepton universality in the τ sector we have put particular emphasis on how to isolate heavy lepton mass effects in the semileptonic decays.
We have described how to obtain the full angular decay distributions for B → Dℓ We are looking forward to a wealth of data on these decays expected in the near future which will allow one to deeply probe into their decay structure, in particular for the tauonic mode. Such an analysis will reveal possible deviations from the SM predictions not only in the branching fractions of the processes but also in the multitude of polarization observables and their q 2 spectra.
1 and spin (0 ⊕ 1) propagator projectors P µν 1 (q) = −g µν + q µ q ν /q 2 and P µν 0⊕1 (q) which, in the unitary gauge, reads [66] 
where the tensor g mm ′ = diag(+, −, −, −) is the spherical representation of the metric tensor whose components are ordered in the sequence m, m ′ = t, +, 0, −. With the help of the completeness relation (A5) one can convert the covariant form of the angular decay distribution
Eq. (A1) into the helicity form
In (A6) we have chosen a representation of the helicity amplitudes which is particularly well suited for computer processing. Compared to the helicity amplitudes introduced in the main text we have used H 0 λ W =0 (J = 0) ≡ H 0 t and H 0,±1 λ W =0,± (J = 1) ≡ H 0,±1 0,±1 .
The helicity representation of the hadronic decay tensor h α β (θ * ) describing the decay D * → Dπ is given by
The upper/lower signs in the nonflip part of (A8) stand for the (ℓ 
The integration (A12) is easily done. The result is given by Eqs. (A8,A9) where all terms
proportional to e ±iχ , e −±2iχ have been dropped. The cos θ distribution for B → Dℓ −ν ℓ written down in Eq. (46) is obtained from (A11) by omitting δ λ 2 λ W and dropping the label λ 2 .
